Precision mirrors are required for effective solar energy collectors. Manufacturing such mirrors and making them robust to disturbances such as thermal gradients is expensive. In this paper, the use of parallel binary actuation to control the shape of mirrors for solar concentrators is explored. The approach embeds binary actuators in a compliant mirror substructure. Actuators are deployed in a specified pattern to correct the mirror shape. The analysis for binary-actuated compliant mirror structures is presented. Analytical models are developed for one-dimensional and two-dimensional compliant structures with embedded binary actuators. These analytical models are validated using finite element analysis and experimental studies.
INTRODUCTION
Large scale solar concentrators such as parabolic troughs and dishes, such as those seen in Figure 1 , are composed of custom precision mirrors. Manufacturing precision mirrors for solar concentrators and making them robust to disturbances such as wind and thermal warping is expensive. Imprecision in mirror shape due to manufacturing limitations and disturbances degrades the performance of solar concentrator systems [1] [2] [3] . Embedding simple, inexpensive binary actuators in the mirror structure to correct the shape can decrease manufacturing costs and improve system performance. Using embedded actuators to actively control a structure's shape is complex and has been a topic of research [4] [5] [6] [7] . Mirrors in large space telescopes like the James Webb use complex continuous actuators to correct the shape of the primary mirror [4, 5] . Researchers have also developed smart structures by embedding continuous actuators and sensors in a structure to control its shape [6, 7] . These solutions have many drawbacks, including high complexity, low reliability and the need for a large number of actuators and feedback sensors.
Binary actuators can potentially simplify the design of these structures. Binary actuators have two discrete output states, either fully extended or contracted. In the past, conventional elements, such as pneumatic pistons and solenoids, have been used to drive bi-stable mechanisms. Recent studies have shown the potential of using simple, lightweight, low-cost dielectric elastomer actuators (DEA) to activate bi-stable mechanisms [8, 9] . Researchers have studied the use of these binary actuators in serial robotic manipulators [10] [11] [12] [13] [14] . A binary manipulator concept developed for space robotics applications is BRAID, shown in Figure 2 [12] . In this approach, a binary manipulator is developed by linking together a series of actuated stages. Each stage has three binary-actuated linkages, resulting in 8 distinct configurations. As the number of stages increases, the capability of the manipulator approaches that of a continuous system. Many researchers have studied the kinematics of these serial binary robotic systems [12] [13] [14] . The workspace for binary robotic manipulators consists of a finite set of points rather than a continuous volume. As such, the inverse kinematics problem of finding an input configuration for the desired end-effector location involves searching through a discrete set of input configurations and finding the one that best matches the desired state. This is not a trivial problem, and simple techniques to evaluate the system workspace are required.
Binary actuators have also been configured in parallel inside a robotic manipulator. Binary dielectric elastomer actuators have been used to develop an MRI compatible manipulator [15] .
In this design, binary actuators are configured in a simple parallel planar arrangement to achieve the desired system precision. This parallel configuration results in an over constrained system. These extra constraints are accommodated by adding compliance to the system. This compliance mediates the binary actuations to achieve high precision positioning through "Elastic Averaging" [16] .
This paper presents a related approach to correct manufacturing imperfections and shape deformations for solar concentrators. In this approach, binary actuators are embedded in a compliant mirror substructure. Actuators are deployed in a specified pattern to correct the mirror shape. The precision of the binary actuated system is determined by location and number of actuators. As the number of actuators in a system increases, the precision of the device approaches a conventional continuous system.
The binary actuation approach has many potential advantages. Binary actuators are simple, inexpensive, and lightweight. Also, the binary actuated systems are robust due to their redundancy. Failure of individual binary actuators would result in a graceful degradation of performance. In addition, since the actuator output is discrete, active low-level actuator sensors or feedback control is not necessary and computations for figure control can be performed offline. Also, binary actuators are energy efficient as power is only required to change their states.
This paper presents methods to analyze binary-actuated compliant mirror structures. Analytical models are developed for one-dimensional and two-dimensional compliant structures with embedded binary actuators. These analytical models are validated using finite element analysis and experimental studies. The models and experiments are used to demonstrate the capabilities of binary actuated mirrors by exploring the system workspace, demonstrating of the principle of superposition, and evaluating the precision of figure correction.
SIMPLE ONE-DIMENSIONAL STRUCTURE

SYSTEM MODEL
The simplest structure that captures the essence of the parallel binary actuation problem is shown in Figure 3 . It is termed here the Binary Beam Model or BBM. In this model, the beam represents the mirror surface and it is supported by binary actuators connected in series with elastic elements. The actuators are placed perpendicular to the beam and are assumed to rigid in the x direction, allowing only one degree of freedom. In addition, the actuators are equally spaced along the beam, are connected to the beam via pin joint and are fixed to ground, preventing any rotations or translations at the base. In this analysis, it is assumed that the actuators are able to produce any required forces to achieve their bi-stable positions. Also, it is assumed that the beam is uniform and that the displacements are small. 
ANALYTICAL DEVELOPMENT
where y is the beam deflection, M(x) is the bending moment, E is the Young's modulus of the beam, and I is the beam area moment of inertia. By integrating equation (1) and applying the static equilibrium conditions, the slope and displacement between actuator i-1 and actuator i can be found using:
where y i is the beam deformation at the i th actuator, k is the stiffness of the elastic element, L is the beam length, N is the total number of actuators, and d i is the displacement of the i th actuator. C i and D i are constants of integration. Since the beam is continuous in both displacement and slope at the actuator locations, the constants of integration are given by:
where D 1 is given by:
and C 1 is given by:
Equations (2) through (7) define the analytical solution for the binary beam model. The equations can be manipulated into the matrix form:  y Ad (8) where y is a vector of beam displacements at the actuator locations and d is a vector of ones and zeros defining which actuators are extended (1) and which actuators are contracted (0). Equations (2) and (3) can be used to determine the beam deflection and slope at any point. For more details on the analytical model, refer to [17] .
The analytical solution assumes that the actuator displacement is small compared to the length of the beam. This assumption will generally be valid for the corrections required of a large mirror system. Using this matrix form the inverse kinematics that determines the desired actuation for a given set of beam displacements can be found using: (9) This equation will give non-discrete values for d, making this unrealizable for binary systems. Determining the control input d that gets a correction closest to the desired output shape is not trivial and will require evaluation of different actuator inputs. Simplified analysis techniques will be required to control these binary systems.
When the small displacement assumption holds, superposition can be used to greatly simplify the analysis, design and control of binary actuated structures. In this approach, the deformation of a structure for some general input can be calculated by adding the deformations for each individual actuator separately. For small displacements, the superposition solution should yield fairly accurate results. If superposition holds, the entire structure workspace can be determined through N structure analysis as opposed to 2 N separate calculations. For complicated structures, this can greatly reduce the required computations.
As geometry becomes more complex and the number of actuators increases, obtaining analytical solutions becomes more difficult. For larger and more complicated geometries, Finite Element Analysis can be used to analyze binary actuated structures. A finite element model for the binary beam structure was developed in ADINA. A sample ADINA output for fouractuator system with an input command of d=[0 1 0 0] T is shown in Figure 4 . 
2.3
ANALYSIS RESULTS The finite element model was used to validate the analytical model. The structural parameters that were used in the analysis are shown in Table 1 . T , a step input to the system. There is good agreement between the two models. The maximum error is on the order of 1μm. Superposition was tested for the one-dimensional structure using the finite element model. Figure 6 shows the maximum percentage error in the superposition solution verses the actuator displacement for structures with varying number of embedded actuators. In all cases, the maximum error increases exponentially as the actuator displacement increases. The error also increases as the number of actuators embedded in the structure goes up. For all cases, the superposition solution for actuation lengths less than 0.05m has an error that is less than 1%. For small displacements, the superposition solution for the binary beam model gives accurate results. 
EXPERIMENTAL VALIDATION
An experimental system was constructed to validate the results from the analytical and FEA models. The experimental setup used is shown Figure 7 . In this setup, an 89 cm long stainless steel beam is supported by 10 equally-spaced actuators. To simplify this preliminary experiment, the binary actuation is done manually. The structure compliance is provided by vibration mounts which connect the beam to the manual actuators. Structure displacements are measured along the structure length using a dial indicator. The properties of the experimental system are shown in Table 2 . Sample experimental results for a step input are shown in Figure 8 . For a step input, all of the actuators on the right side of the structure are deployed. For this 10-actuator experimental system, the binary input is d=[0 0 0 0 0 1 1 1 1 1] T . The experimental results are compared to the results from finite element analysis for the same input and good agreement can be seen. The maximum error for any input was less than 10%. These errors can be attributed to uncertainties in the measurements, manual actuation stroke lengths and structural parameters.
In Figure 8 , a noticeable "overshoot" can be seen for the step input. This occurs due to the relative stiffness of the beam and the elastic elements. The experimental setup is a "soft system"; the ratio of beam stiffness to elastic element stiffness is low. In a soft system, the beam undergoes large deformations and the majority of the elastic averaging occurs in the beam. In a "hard system", the ratio of beam stiffness to elastic element stiffness is high and the majority of the elastic averaging occurs in the elastic elements. This effect is shown in Figure 9 . 
TWO-DIMENSIONAL STRUCTURE
The BBM one-dimensional structure provides insight into binary actuated flexible structures. A two-dimensional structure was analyzed to study the capabilities of binary-actuated solar mirrors.
A full three-dimensional system was studied experimentally, and is discussed in section 4. Figure 10 shows the model of the two-dimensional structure. This model is a three-panel mirror structure where the mirrors are joined by flexible beam-like members. The supporting structure contains six embedded actuators which are connected to the mirror panels via pin joints. The properties of the model structure are given in Table 3 . 
MODEL
Single Tier System
An ADINA finite element model was used to analyze the performance of the binary actuated structure shown in Figure  10 . The workspace for this system consists of a set of discrete points that indicate the location and orientation of each panel as shown in Figures 11-13 . As expected, the set of reachable workspace points is not evenly distributed due to the symmetry of the structure. The clustering of workspace points has been previously noted for binary actuated systems. It has been shown that modifying the structure symmetry spreads the workspace points [15] . Here, this is accomplished by varying the stiffness of the elastic elements connected in series with the actuators, such as shown in Figure 3 . Figure 14 shows the workspace for the mirror structure with random elastic elements stiffness. The stiffness are randomly generated using a uniform probability distribution function with bounds of 1000 N/m and 3000 N/m. The workspace for this system is more evenly distributed. It is more likely that the required shape corrections can be made with this more evenly distributed workspace. The performance of a solar collector is determined by the amount of light collected by the thermal receiver placed in the focal plane of the mirror. Therefore, the performance of the mirrors should be measured based on how the motion of the mirror segments affect the light in the plane. A metric of the system workspace has been formulated to evaluate a binaryactuated mirror system's ability to focus light on the receiver.
For a given system, requirements can be set on the size of the reflected spot (defocus). The smaller the defocus, the better the system will perform. This workspace metric is shown in Figure  16 . In this analysis, the workspace is defined by the x-position of the mirror segments focus and the magnitude of the defocus. The position of the focus is defined as the average position of the reflected rays for a given actuator input as given by:
where
are the positions of the reflected rays in the focal plane for panels A, B, and C respectively. The defocus is defined as the maximum distance between two reflected rays: Figure 17 shows the focal plane workspace for the one-tier two-dimensional structure with random elastic element stiffness. Despite breaking the structure symmetry by varying the stiffness of the elastic elements, there are still many overlapping solutions in the focal plane. The range of potential focal points for this system is small. Superposition was tested for the one tier three-dimensional system shown in Figure 10 . The resulting maximum percentage errors in panel position and angles for the superposition solutions verses actuator displacement are shown in Figures 18  and 19 . In both cases, the errors in the superposition solutions grow exponentially as the actuator stroke length increases. However, for small displacements, superposition gives accurate solutions. For actuator stroke lengths of less than 0.05 m (0.5% of structure size), the superposition solution has errors less than 5%. These values may be large for industrial systems, such as parallel kinematic machines, but are suitable for solar concentrator analysis, design, and control. 
Multi-Tier System
The previous analysis was conducted for a simple one-tier two-dimensional concentrator system. Here, a multiple tier substructure for a solar concentrator system, consisting of a two-tier, two-dimensional system, as shown in Figure 20 , is studied. The structure contains 17 binary actuators in series with randomly selected elastic elements. The probability distribution function for the elastic element stiffness and actuator stroke length are identical to the values used in the onetier system analysis . The position and angular workspace for the center panel of this two-tier system is shown in Figure 21 . The range of motion for the two-tier system is more than double that of the one-tier structure. In addition, with 17 actuators, the workspace is no longer sparse and approaches that of a continuous system. The focal plane workspace for the two-tier system is shown in Figure 23 . For this system, the focal plane workspace is also dense. The two-tier system is able to shift the focus of the concentrator in the focal plane. In addition, there are many configurations that have a defocus of less than 10 cm, a reasonable size for a solar concentrator receiver. 
EXPERIMENTAL VALIDATION
A three-dimensional experimental system was designed and built to demonstrate the workspace range and principle of superposition for binary actuated solar concentrator systems. A finite element analysis of the three-dimensional system is beyond the scope of this paper due to space restrictions.
4.1
SYSTEM DESCRIPTION The three-dimensional experimental system is shown in Figure 24 . The binary-actuated mirror consists of 19 hexagonal mirror panels mounted on a compliant plate. The plate is supported by 13 vertical actuators and 30 vertical compliant struts as shown in Figure 25 . Due to the force output limitations of current binary actuators, micro-linear actuators manufactured by Firgelli Technologies are used in a binary fashion. The properties of the experimental system are displayed in Table 4 . In these experiments, the rotational workspace of the center mirror is evaluated. In order to measure the workspace in an automated fashion, a vision-based measurement system was implemented. In this system, a laser beam is reflected off the center mirror onto a focal plane. A CCD camera captures images of the reflected ray in the focal plane. These images are processed to determine the position of the reflected ray and the angular deflection of the center mirror. It was shown in the two-dimensional system analysis that the mirror workspace can be more evenly distributed if the structure symmetry is modified by varying the stiffness of the elastic elements. The experimental verification of this effect is shown in Figure 27 . In this instance, the range of the workspace has been slightly increased and the workspace clustering has been alleviated. This configuration is suitable for making mirror shape corrections. 
WORKSPACE EVALUATION
4.
3 SUPERPOSITION ANALYSIS Superposition was tested for the three-dimensional experimental system. Figure 28 shows the maximum percentage error in the superposition solution verses the actuator displacement. The trend was found to be similar to previous finite element analysis. The maximum error increases exponentially as the actuator displacement increases.
The errors in the superposition analysis are larger than expected.
This occurs because the properties of the experimental system degrade the results of superposition analysis. For example, the linear actuators only mimic binary actuation, and subsequent actuation displacements are not always identical. Also, the mirror-supporting plate consists of a non-uniform honeycomb structure which may exhibit non-linear behavior. Inaccuracy of the measurement system will also degrade results. These aspects will be considered in further analysis, which is beyond the scope of this paper. 
SUMMARY & CONCLUSIONS
This paper presents a binary actuation approach to correct shape deformations of solar concentrators consisting of segmented mirror arrays due to manufacturing imprecision and thermal effects.
In this approach, binary actuators are embedded in a compliant mirror substructure. Actuators are deployed in a specified pattern to correct the mirror shape.
Analysis techniques for binary-actuated compliant mirror structures are presented. Analytical models are developed for one-dimensional and two-dimensional compliant structures with embedded binary actuators. These analytical models are validated using finite element analysis and experimental studies.
Analytical models and experimental studies are used to demonstrate key features of binary-actuated solar concentrators. Models and experiments are used to show the workspace range of binary structures. For symmetric structures, the workspaces of the mirrors have many clustered points. Models and experiments show that the points in the workspace can be distributed by varying elastic element stiffness and breaking the structure symmetry. Models and experiments are also used to show the range of validity for superposition, a powerful technique that simplifies the analysis, design, and control of binary-actuated structures. 
